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SUMMARY

An analytical model has been developed for computing embedded subsonic flow in rocket plumes from
underexpanded axisymmetric supersonic nozzles. Numerical procedures based on the analysis have been
incorporated in a simplified, non-reacting exhaust structure program and calculations for representative
plume conditions performed. The technique is numerically stable and has provided satisfactory predictions of
Mach-disc associated embedded subsonic flow.
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INTRODUCTION

For a gas jet exhausting from an axisymmetric nozzle to a lower pressure surrounding, the flow will
follow a Prandtl-Meyer expansion at the corner of the nozzle.! The expansion fan will be reflected
as compression waves from the constant-pressure jet boundary and subsequently from the jet axis
(Figure 1). As the nozzle-exit/ambient pressure ratio is increased the compression waves intersect
and coalesce to form a boundary shock wave. Further downstream the compressive effect causes
the shock wave to become so strongly curved that regular reflection from the jet axis is not possible;
instead a nearly normal shock wave, known as a Mach disc or Riemann wave, occurs. The
boundary shock, Mach disc and reflected shock are joined at a triple point and flow downstream of
the normal shock becomes locally subsonic (Figure 2).

Axisymmetric non-recirculating rocket exhaust structures can be computed efficiently from
time-averaged Navier—Stokes equations by means of marching algorithms.?-* These procedures
are satisfactory for plumes with underexpansion pressure ratios < 20. However, the techniques
employed to evaluate the pressure field in the schemes employed in, for example, References 3 and 4
are, in general, numerically unstable when the volume of Mach-disc associated embedded subsonic
flow is comparable with or larger than that of the finite-difference grid cells. This paper is concerned
with a method for computing such flow, which can be incorporated within an existing marching-
scheme program. The procedures were developed and tested in a GENMIX-derived code.® These
techniques may be readily incorporated into any marching-scheme rocket-exhaust program with
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Figure 1. Flow field of a moderately underexpanded exhaust plume

Free Jet Triple Reflected

Boundary Point Shock Slip Line

|
Nozzle !
Exit | ~ — - N B
Plane : T

| I
M >]L_ | _7/ {M(_]I\ _ M>]ffE

Incident  Mach Subsonic Sonic Li
Shock Disc Flow onic Line

Figure 2. Flow field of a highly underexpanded exhaust plume

provisions to iterate required only in the locality of Mach discs. No widely available spatially
resolved data for detailed comparison with the present solution exist. Therefore, the results have
still to be validated.

MATHEMATICAL FORMULATION

The conservation equations for momentum, mass and stagnation enthalpy are expressed below in
the Von Mises co-ordinate system (x—) for axisymmetric flow.’
Conservation of streamwise momentum:

ou 0 2w Ou 1 0p 1)
ox oy p #6111 pudx
where y is the stream function, p is the static pressure, p is the density, u is the fluid velocity in the

longitudinal direction, p is the effective viscosity and x and r are the longitudinal and radial
distances, respectively. The derivation of the above equation is given in Reference 5.
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Conservation of lateral momentum:

ov 6_p
a——ra‘/[ )

where v is the lateral velocity and viscous terms are omitted.
Conservation of mass:

oY = purédr (3)

Equation (3) is used to define the finite-difference grid upon which the conservation equations are

solved. The grid uses x—w co-ordinates in place of x—r co-ordinates, where w is the dimensionless

stream function @ = (Y — y,)/(¥ — ¥,), and ¥, and y stand for the stream functions at the internal

and external boundaries of the grid respectively.>  is obtained from equation (3) above.
Conservation of stagnation enthalpy:

oH d| , _0H 0 0
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where I is the effective transport coefficient for stagnation enthalpy (H). Finally, the temperature
(T) is computed from the enthalpy, the constant-pressure heat capacity (C,) and the velocity as
T =(H —u?/2)C, !, the density is computed from the perfect-gas equation of state, and the Mach
number, required in the evaluation of the pressure field, is defined as

ol
py

where y is the ratio of the specific heats.

Equations (1), (2) and (4) provide a means for calculating the principal dependent variables, but
provide no guarantee that the continuity equation is satisfied. Equation (3) is satisfied by solving
a pressure-correction equation and appropriately modifying velocity and pressure fields so that
mass and momentum are conserved simultaneously. The pressure-correction procedures of, for
example, References 3 and 4 are unstable in the Mach-disc region and a rigorous treatment of
this analysis is required. The pressure-correction equation is derived by requiring that the
streamwise cell face areas, computed from the calculated velocities and densities, be the same
whether derived from considerations of continuity or of cell geometry.

Constantw Lines

Figure 3. A control volume
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Consider the streamtube volume of Figure 3. A conventional staggered-grid is used, according to
which velocities are staggered with respect to point P at which all other variables are evaluated.
This means that the control cells used for momentum balances are themselves staggered with
respect to the cells used for continuity balances and as such they have, in general, different cross-
sectional flow areas. Let A represent the flow area associated with the continuity equation and a
represent the cross sectional flow area associated with the momentum equation. The compatibility
of the cell area is

Ae_Aw_E=ae_aw (6)

where E represents the area increase of 4, associated with entrainment. The ‘continuity’ areas are,
of course, derived from equation (3), e.g. A; = y,/(pu);, where i stands for e or w. From the
geometry of Figure 3 the following relation for the difference in ‘momentum’ areas can be derived,
assuming axisymmetry extending over a sector of one radian.

ag — aw = 0x(rytana, —rytanay), W)

where o, = v,/u;. It is appropriate to decompose the quantities u, v, p, p, A, a and a into approximate
and corrected components such that, for example, the final pressure becomes p = p* + p’. The
primed quantities are computed from the pressure-correction analysis and the starred quantities
are computed from the solutions to equations (1)—(4). Applying this decomposition to equation (6),
recalling that A; = d;/(pu); from equation (3), substituting equation (7) for ag — aw, and ignoring
second order u; contributions from «; yields

o, Y
(pw)E + (pw)e  (pu)yy + (pu),
=5x|:(r“tanac,’{‘—rstana;“)+|:%—rszs}:| (8)
u? u

where the denominators of equation (8) are expanded to first order in primed quantities. This may
be reduced to a form which isolates the cell continuity error &, as follows:

Suelpul, _ obwlpwl [rn Vi 's_Vs]ax ¢
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where
A
(owt  (pu)y
It is necessary now to construct a method whereby the mass fluxes may be corrected and the error,

&, elliminated. This will be achieved by correcting the pressure field and subsequently re-evaluating
equations (1), (2) and (4). Equation (9) may be written in terms of the pressure correction as follows:

— E+dx[r tana} —r tan ot ]

W Apwe, , . O, dpu), ,
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In order to simplify equation (10) let there be coefficients A, defined as

PR N e T
" (pup? "op, T opy

], i=ew, I=E,W (11a)
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and

A Oxr; [ ov;

u 5p,:|’ i=n,s;1=N,S (11b)

Equation (10) may then be reorganized to give

pr= (12)
Ag+ Ay + An + Ag

and the two-dimensional p’ field computed as described in the Appendix. The A, coefficients are
simplified further by assuming the fluid to be an isentropic perfect gas. Equation (11a), for the east
and west coefficients, then becomes

_ 0 1+ MY
I —(pu)?ng?‘_’ =€, W, I= E>W (133)

and equation (11b), for the north and south coefficients, reduces, with the aid of equation (3), to
_oxPry

T (owiror;

Throughout the analysis local incompressibility has been assumed. The compressible conditions of

rocket exhaust plumes were found to be satisfactorily evaluated by weighting the denominator of

equation (12) with a factor (1 + M?) and iterating on all variables including the density. The final
converged solutions satisfied momentum conservation and mass-continuity.

i=ns I=N,S (13b)

NUMERICAL PROCEDURES

The conservation equations for u,v and H were solved by dividing the calculation domain into
discrete volumes (Figure 4), integrating equations (1), (2) and (4) over each cell and deriving a set of
matrix equations similar to equation (12), but not including the downstream (E) terms.® For a given
pressure field, solutions to these equations were efficiently evaluated line-by-line using the tri-
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diagonal-matrix algorithm (TDMA).6 The storage of the variables was therefore one-dimensional.
The pressure-correction field was computed by solving equation (12) according to the method
described in Reference 7;a summary of this is given in the Appendix. The solutions of equations (1),
(2) and (4) and equation (12) were iterated to convergence. Details of the steps involved are as
follows:

(i) Initialise inlet conditions and grid variables (Figure 4).
(ii) Calculate boundary conditions: GENMIX symmetry boundary on jet axis,” small-wave
theory on free-stream boundary.*®
(iii) Move to next axial location in the jet.
(iv) Compute boundary conditions and evaluate new grid.
(v) Solve momentum and enthalpy equations.
(vi) Evaluate temperature, density and Mach number.
(vii) Evaluate the error and A, coefficients of equation (12).
(viil) Repeat (iii) to (vii) from inlet to outlet. ‘
(ix) Solve the pressure-correction equation two-dimensionally and correct the pressure field.
(x) Repeat (iii) to (ix) until convergence.

The boundary conditions at the outlet were dv/or = dp/dx = 0.

The pressure correction calculated from equation (12) was, for some flows, very large and the
iterative cycle (iii)—(ix) occasionally became oscillatory. The pressure was therefore under-relaxed
according to the equation

pnew=pold+p/ X Rf (14)

where the relaxation factor, R, was varied between 0-5 and unity.

The algorithm described can be readily incorporated into a conventional marching-scheme
program. Plume calculations proceed unchanged from the nozzle exit until a region of embedded
subsonic flow is encountered. The program then halts and recommences upstream of the Mach disc
following the sequence outlined above. When convergence through the Mach disc region is
achieved the program reverts to the non-iterative procedures. The only significant increase in
computer storage incurred involves two-dimensional arrays for the pressure, continuity errors and
A, coefficients of the pressure-correction equation through the Mach disc region of the plume.

CALCULATIONS

In order to check the model, the two-dimensional iterative pressure-correction sequence was coded
and incorporated in a non-reacting rocket exhaust program derived from GENMIX. For
computational ease the turbulence was provided through a fixed effective-viscosity coefficient,
#=01kgm™'s™!, and the heat capacities of the inert streams were set to C, = 1500kJ kg™ ' K"
Calculations were performed to investigate the capability of computing embedded subsonic flow in
rocket exhaust plumes. Results were examined to check numerical stability and physical
plausibillity, but the extent to which Mach disc predictions are realistic will need to be re-examined
when the procedures are incorporated in fully reacting exhaust structure calculations. Three sets
of calculations will be discussed. The first considers how well the new pressure-correction equation
computed wholly supersonic flow. Calculations commenced at the nozzle exit-plane and were
performed for the conditions given in Table L.

The grid consisted of 20 axial by 11 radial grid nodes uniformly distributed. Calculations,
performed with 600 iterations over the calculation domain, converged to give variations
(A¢/@) < 10~ * between sweeps. Results were compared with a calculation using the procedures
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Table I. Nozzle exit plane conditions, case 1

Jet Free stream
Velocity (ms™!) 2100 2100
Temperature (K) 1400 1400
Pressure (MPa) 10 01
Jet radius (m) 002

Table I1 Nozzle exit plane conditions, case 2

Jet Free stream
Velocity (ms™!) 2100 200
Temperature (K) 1400 300
Pressure (MPa) 2:0 01
Jet radius (m) 0-02

described in References 2—-4. This provided a one-dimensional line-by-line marching solution to all
variables, including the pressure correction, and was considered adequate for describing wholly
supersonic flow.>8 Results of computations by the two methods agreed to within 5 per cent, the
minor differences being attributed to differing treatments of boundary conditions on adjacent-
boundary grid cells.

A second set of calculations studied predictions in the embedded subsonic volume of an exhaust
(see Figure 5). Conditions were originally obtained from a marching-scheme calculation based on
the conditions given in Table II.

The original calculation failed at 0-7m and the iterative calculation began at 0-64 m. Again
convergence was obtained within 600 sweeps and a region of subsonic flow was predicted between
0-6 and 0-71 m from the nozzle exit. The flow field for the two calculations is illustrated in Figure 5
and the Mach number contours for the second are presented in Figure 6. It is seen that the 2D
pressure-correction sequence predicts an immediate contraction of the flow field (Figure 5)
simultaneous with the formation of the Mach disc. This structure is seen more clearly in the Mach
number contours of Figure 6. The subsonic volume, enveloped by the sonic line, contracts slightly
and then forms a tail following the general trend of the contours in this region. Upstream of the
Mach disc there is a plateau of high Mach number contours which fall off sharply towards the axis
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Figure 5. Exhaust flow field showing region of embedded subsonic flow
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Figure 6. Contours of constant Mach number in locality of embedded subsonic flow

but more gradually towards the free boundary. The highest gradient of Mach number is located
near to the tail of the subsonic volume.

Finally, calculations were performed to identify the sensitivity of predictions to variations in
inlet data. Results discussed here relate to conditions determined from a marching scheme
calculation based on the conditions of Table II but with a nozzle-exit/ambient pressure ratio of 40.
A two-dimensional pressure-correction equation calculation converged and predicted a region of
subsonic flow from 0-87 to 0-9 m on the jet axis. Although subsequent calculations were sensitive to
perturbations in the inlet streamwise-velocity, pressure and temperature distributions, variations
were small in comparison with comparable changes to the lateral velocity distribution. To
illustrate this, centreline pressure profiles from calculations in which the inlet lateral velocities were
scaled by factors 1-0, 13, 107 and 1-9 are given in Figure 7. It is seen that an increase in the lateral
velocity has the effect of increasing the peak pressure, while moving it closer to the nozzle exit. The
transition to subsonic flow not only moved systematically upstream, but the width of the region
increased to occupy 50 per cent of the mixing layer width for the factor = 1-9 calculation. In the
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Figure 7. Profile of centreline pressure through the region of embedded subsonic flow showing sensitivity to inlet values of
lateral velocity
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neighbourhood of Mach discs in rocket exhausts the lateral velocity gradients can be large and the
conventional one-dimensional procedures do not provide satisfactory solutions to the momentum
equation just upstream of the shock. As it is important that the lateral velocity distribution
provided to the two-dimensional pressure procedure is a good solution to the appropriate
momentum equation, examination of the velocity fields determines the axial location in the jet
where iteration should commence.

CLOSURE

A procedure for computing the velocity and pressure distributions through regions of
embedded subsonic flow, as may occur in Mach discs of underexpanded rocket plumes, has
been described. The procedure has been coded and incorporated in a simplified rocket exhaust
program in which chemical reaction was not considered. Calculations, for conditions similar to
those which occur in rocket plumes, have demonstrated that the procedure will compute
satisfactorily converged and numerically stable results. The motivation for the work was to
develop a technique which would efficiently compute conditions surrounding a rocket plume
Mach disc and which may be incorporated in an existing marching solution exhaust structure
program. The procedures developed may be exploited in other finite-difference programs
dedicated to computing predominantly supersonic flow, but containing regions of embedded non-
recirculating subsonic flow.

APPENDIX: SOLUTION OF THE PRESSURE-CORRECTION EQUATION

The pressure correction equation (12) has the form:*

Appp = Anpy + AsDs + AgPe + Awbw + &

Suppose

Pp=Nppn+ Eppg + Bp
then

Ps= Ngpp + Espse + Bg
and

Pw = NwPhkw + Ewpp + By
Substitution yields
Pe(Ap — AsNs— AwEy)
= AnPn + ApPe + b + As(Espse + Bs) + Aw(Nnpyw + Bw)

Hence

Np= Ax/Dp

E,= Ag/Dp

By =[b + Ag(Espse + Bs) + Aw(NwPnw + Bw)1/Dp
where

Dp=Ap— AGNg— AwEy,
Therefore the pressure field is obtained as follows:

(i) compute Np, Ep, Dy starting at low P and stored two-dimensionally
(i) compute B, repeatedly using the in-store pgg; pw

*See Figure 3 for subscript identification.
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(iii) compute pp starting at high P
(iv) repeat until convergence.
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